Abstract. We prove existence and uniform a priori estimates for Euclidean Gibbs states corresponding to quantum anharmonic crystals. Our method is based on a characterization of Gibbs measures in terms of their Radon-Nikodym derivatives with respect to local shifts of the configuration space and corresponding integration by parts formulas.
Euclidean Gibbs measures
A model of quantum crystals can be described as an interacting system of quantum anharmonic oscillators (of mass m > 0 and with unbounded spins x k ∈ R) on a lattice Z d (⊂ R d ), d ∈ N, with the heuristic Hamiltonian
We specify the assumptions on system (1) as follows: A 1 . The two-particle interactions (taken over all unordered pairs {k, j} ⊂ Z d , k = j) are given by symmetric functions W {k,j} ∈ C k denotes the l-th derivative with respect to the coordinate x k . A 2 . The matrix J = {J {k,j} } is fastly decreasing, that is, A 3 . The harmonic self-interactions are given by a 2 x 2 k /2 with intensity a > 0. The anharmonic self-interactions V k ∈ C 2 b,loc (R → R) satisfy the coercivity estimate:
and the growth condition:
The latter condition is satisfied, in particular, in the case of sufficiently large growth of potentials at infinity.
A mathematical description of equilibrium properties of quantum systems can be given in terms of their temperature (i.e., Gibbs) states. We will take the Euclidean (i.e., path space) approach, see e.g. [6] , [9] and the references therein. In this approach, the Euclidean Gibbs measures µ β associated with the lattice system (1) at the inverse temperature β > 0 are rigorously defined as follows:
Let S β ∼ = [0, β] be a circle with Lebesgue measure dτ . As the single spin spaces for every k ∈ Z d we will use the spaces L
of integrable resp. (Hölder) continuous loops ω k : S β −→ R. As the configuration space for the infinite volume system (1) we define the temperature loop lattice
To control the support properties of Borel measures µ on (Ω β , B(Ω β )), for p > d/2 we introduce the Banach spaces
and the locally convex spaces Ω
endowed with the system of (non-differentiable) norms
. Now, we define the subsets of tempered configurations, resp. of tempered probability measures by
The Euclidean Gibbs measures µ β are described by their local specifications {π β,Λ | Λ Z d } (cf. [13] , [15] , [17] , [21] ). Let γ β be a centered Gaussian measure on C β with correlation operator A −1 β , where
Here
is a normalization factor, and
is the (anharmonic) interaction in the finite volume Λ under the boundary condition (3) and (4) make sense for the potentials V, W dealt with in (A 1-3 ). And finally, we define the set G t β of tempered Euclidean Gibbs states as those µ ∈ M t β which satisfy the DLR equations µ β π β,Λ = µ β , ∀Λ Z d . It should be emphasized that the existence of such µ ∈ G t β is not evident at all. Contrary to the known results in the classical case (cf. [12] , [11] ), the validity of the Dobrushin existence criterion [13] for the quantum lattice systems (1) with (infinite-dimensional) single spin spaces L r β , C α β was not covered by any previous work. Another well-known method of superstability estimates due to Ruelle (cf. [20] for the application to the quantum case) is otherwise restricted to the subset G sst β ⊆ G t β of superstable Gibbs states and potentials W {k,j} (x k , x j ) of at most quadratic growth. For further research on the existence problem for quantum lattice models, depending on a special structure of the interaction and using various techniques of cluster expansions, correlation inequalities etc., see e.g. [1] , [2] , [16] , [18] , [19] , [20] . The next important problem, initially posed in [11] and related also to the compactness G t β , is to obtain uniform estimates on correlations of Gibbs measures in terms of parameters of the interaction (cf. [8] for a discussion in the classical lattice case). As far as we know, all available results on a priori integrability of Gibbs measures on path spaces (see [9] and references therein) are based on the method of stochastic dynamics, which requires additional restrictions on the interaction to ensure the solvability of the corresponding stochastic equations in infinite dimensions. Finally, we note that sufficient conditions for the validity of Dobrushin's uniqueness criterion implying |G t β | = 1 for quantum lattice systems (1) have been verified in [6] .
Flow and (IbP)-characterization of Euclidean Gibbs measures
As is well-known for a number of specific models (cf. e.g. [14] , [22] ) and proved in rather full generality in [5] , Gibbs measures admit an alternative characterization in terms of their Radon-Nikodym derivatives w.r.t. shift transformations of the underlying configuration spaces. If the interaction potentials are smooth, this flow characterization is equivalent to the definition of Gibbs states as differentiable measures satisfying integration by parts (IbP )-formulas with prescribed logarithmic derivatives [4] . The aim of this paper is to demonstrate that such an alternative description gives both the existence and a priori estimates for µ β ∈ G t β (even also in the general case of many-particle interactions presently dealt with in [3] ) in a direct analytic way. For this time, this approach was applied to classical lattice systems in [7] , [8] .
We start with the flow description of µ β ∈ G t β , which extends the corresponding result for the harmonic pair interaction from [5] . Let us consider
as the tangent Hilbert space to Ω β . We fix an orthonormal basis 
, with the Radon-Nikodym derivatives
We define functions (which will turn out to be the partial logarithmic derivatives of measures µ ∈ M t a along directions h i ) for i = (k, n) ∈ Z d+1 , by
where
β is the nonlinear Nemytskii-type operator given by
Fix i = (k, n) ∈ Z d+1 , p > d/2 and define the set C 
Note that, of course,
, even though we do not know a priori whether b i ∈ L 1 (µ). As a consequence we have the following integration by parts characterization of Gibbs measures. 
Since under our assumptions a θhi and b i are continuous locally bounded functions on Ω −p,R W β , the latter implies that every accumulation point of the family {π β,
Formulation of the main results
We here present our main results on the existence and a priori estimates for Euclidean Gibbs states. . Moreover, ∀Q ≥ 1
We emphasize that Theorems 1, 2 improve essentially all known results on existence and a priori estimates for Euclidean Gibbs states (mentioned above). The key point of the proofs is that (according to Proposition 2) µ β resp. π β,Λ are viewed as the solutions of the infinite system (9) of first order partial differential equations. Due to the pointwise coercivity and growth assumptions (A 1-3 ) on the potentials V k , W {k,j} , the corresponding vector fields b i , i ∈ Z d+1 , also possess certain coercivity properties w.r.t. the tangent space H β . This allows us to apply an analog of the Lyapunov function method well-known from finite dimensional PDE's. Note that the a priori estimates in Theorem 2 are uniform w.r.t. all Gibbs measures from G t β . We also stress that the abstract scheme, in the form suggested for classical lattice systems in [7] , [8] , is not directly applicable to the present case. More precisely, for quantum Gibbs states we have to do not only "lattice analysis" depending on the coercivity properties of the nonlinear part F as in [7] , [8] in the case of classical Gibbs states. We need also separate and quite different "single spin space analysis" taking properly into account the spectral properties of the linear operator A β (with Tr β . The method proposed in this paper and based on the (IbP)-characterization of Gibbs measures can be applied also to the case of many particle interactions. Detailed proofs including the latter case are contained in [3] .
